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n-Dimensional Cross Product and Its Application 
to Matrix Eigenanalysis 

Daniele  Mortari  
University of Rome "La Sapienza," Rome 00138, Italy 

An extension to n-dimensional space of the cross-product concept by means of a definition derived from the 
Laplace expansion of the determinant is presented. Based on this definition, which evaluates a vector orthogonal to 
(n - 1) vectors in the n-dimensional space, some techniques for computing the matrix eigenvectors are developed. 
These algorithms allow one to compute an orthogonal eigenvector set for any eigenvalue algebraic multiplicity 
and for real o r  complex nondefective matrices. An algorithm for computing the generalized eigenvectors and 
the upper-diagonal coupling elements associated with an eigenvalue having a geometrical multiplicity equal to 
one (full-defective matrices) is also included. Numerical examples to clarify the proposed algorithms have been 
presented. Finally, the equivalent symmetric S-matrix, which has the same eigenvector set, and the skew-symmetric 
tilde matrix, which performs the cross product in n-dimensional space, are provided. 

Introduction 

S CIENTIRC applications often require the use of special math- 
ematical techniques not yet developed. Therefore, it often hap- 

pens that scientists try to devise the proper mathematical technique 
for their applications. Sometimes these techniques can be gener- 
alized to a broader class of problems, of which the application is 
only a subset. This is exactly what occurred with Ref. 1. That paper. 
concerning optimal attitude estimation. develops a method arriving 
at the solution of Davenport's equation of the q-method algorithm.* 
This equation, which can be written as 

provides the optimal quaternion q,,,, estimating spacecraft attitude 
as the eigenvector associated with the greatest eigenvalue A,, of 
the known symmetric matrix K. As demonstrated by QUEST,' the 
complete eigenanalysis of Eq. (1) is unnecessary. In fact QUEST 
evaluates A,,, by applying the Newton-Raphson iterative technique 
(which rapidly converges to the solution if A,, = 1 is chosen as 
the starting point) to the K-matrix characteristic equation and then 
evaluates the associated eigenvector q,,,, by an application of the 
Cayley-Hamilton theorem. In Ref. 1 the closed-form expression 
for A,,, is provided, and q,,,, is computed in two different ways, one 
of which evaluates q,,,, as being the direction perpendicular to all 
of the row vectors of the singular matrix D = K - A,,,I. In fact, 
Eq. (1) can also be written as Dq  ,,, = 0 and, therefore, q ,,, can be 
seen as perpendicular to the three-dimensional hyperplane where all 
of the D-matrix row vectors lie. In doing so, Ref. 1 has introduced 
the formulation for computing the four-dimensional cross product 
among three vectors defined in a four-dimensional space. The idea 
of computing the eigenvectors in such a way is demonstrated here 
as applicable to any matrix, real andlor complex andlor defective. 

Because the extension of the cross product to the n-dimensional 
space and its application to the eigenvectors computation of matrix 
eigenanalysis could be a subject of general interest and a useful tool 
for many technical fields, it cannot be restricted to the spacecraft 
attitude determination problem and, therefore, it is presented in its 
complete form by providing the general mathematical theory and 
by investigating interesting rclalionships with matrix eigenanaly- 
sis. The paper also shows that is possible to evaluate a symmet- 
ric matrix having the same set of eigenvectors of a nonsymmetric 
matrix and provides. without demonstration, the formula for the 
skew-symmetric tilde matrix, which performs the cross product in 
n-dimensional space. 

Note that, although the computation of a vector perpendicular to 
(n - 1) vectors in the n-dimensional space is an existing concept, 
which is defined in Grassman algebra4.' (the relevant presentation 
is given in the Appendix for completeness' sake), it is hereafter 
provided as an extension of the cross product concept and in a 
way that makes it accessible to those unfamiliar with Grassman 
algebra. 

Definition 
Let D be an 11 x n nonsingular matrix whose ith row vector is 

indicated by dlT. The determinant of D can be computed by using 
the Laplace expansion by its generic ith row, that is, as a dot product 
betwcen the vector d, and a vector v ,  as follows: 

det(D) = T ( - ~ ) ' + ~ d e t ( D , ~ ) d ~  (k)  

The (n - 1 ) x (n - I)  submatrices D,I are obtainedfrom D by deleting 
both the ith row (d:) and the kth column. The vi vector is completely 
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independent of the d, row vector because the submatrices DIA are 
made up of the remaining dk vectors (with k # i). From Eq. (2) 
i t  Sollows that the determinant of D becomes zero in thrce cases: 
I) when d, = 0 ,  2) when v ,  = 0 ,  and 3) when d, is perpendicular 
to v;. Case I is banal and does no1 add useful information; case 2, 
involving the vector v, built with determinants of the (11 - I ) x (11 - 1 )  
matrices D r k .  just moves the nth-order problem to order (rt - 1) or 
lower. What is interesting for this study is case 3, that is, the case of 
d, perpendicular to v;. Therefore. Ict D be a simple rz x n singular 
matrix; simple singular, that is, one-time singular, means that the 
matrix has rank (11 - I ); this implies that it has only one zero singular 
value and that there is only one linear correlation among its row 
vectors. Matrix L) could bc obtained by substituting for d, .  in the 
D-matrix, the vector 

Equation (3) introduces the linear correlation among the row vectors. 
In general, with the exceptions o fd ,  = 0 (which, if all of thedk are 
independent, could be obtained only if all of the ah are zero) and of 
v, = U (which implies a fi matrix having rank lower than n - I ), the 
resulting matrix D will be singular becaused, will be perpendicular 
to V ,  : 

This expression is, howcvcr, always valid no matter what the coeffi- 
cients ah.  This j c t  implies that the vector v; must be perpendicular 
not only to the d, vcctor but also to all of thedk vectors and, therefore, 
to a11 of the row vcctors of the matrix D. Now. evaluating the deler- 
minant of fi by using the expansion by another ,jth row (with j # i) ,  
the resulting associated v, vector also will be perpendicular to all of 
the row vectors of the matrix fi. This implies that, for a simple sin- 
gular matrix. all of the v, vectors are pcrpendicular to all of the row 
vectors dT and, as a consequence. all of the v; vectors arc parallel. 

Let an (11 - 1) x 11 matrix be built with (n - 1 )  row vectors d: and 
IetDI'I be the (11 - 1) x (11 - 1 )  matrix obtained from it by deleting 
its ith column: therefore. because the expression 

coincides in the three-dimensional space with the cross product, it 
can bc considered as thc mathematical representation of the cross 
product among the (11 - 1) vectors dA in the n-dimensional space. 
Hereafter, Eq. (S), which provides the n-dimensional cross-product 
v ,  will be denoted as the 11-Dx-n expression. 

Application to the Computation 
of Matrix Eigenvectors 

The given representation of n-Dx-II  can be used for computing 
the eigenvectors of a matrix (real or complex) with known eigen- 
values (real or complex). In fact, the eigenproblem Av = Av can be 
written as (A-AI)v = Dv = 0 and. therefore, the eigenvector v can 
be seen as the direction perpendicular to all of the row vectors of 
matrix D .  As the problem Dv = 0 admits a nontrivial solution if 
and only if det(L)) = 0. the matrix D must be singular. If all of the 
11 eigenvalucs E., ol'A are diffcrcnt. then each D, = A-b,l  matrix 
is one-time singular. which means that only one lincar correlation 
condition, as that given in Eq. ( 3 ) .  is satisfied. Thcrelbre, in lhis 
case each associated cigenvector v, can be evaluated through the 
application of 11-Dx-n. as provided by Eq. ( 5 ) .  to the (11 - I )  x n 
matrix formed with (I? - I )  row vectors of D,  that is. excluding 
only one. The d: row vector can be excluded from the set if and 
only if the matrix built with the (n  - I )  remaining d: row vectors 
( k  = 1, . . . , I T ,  k # i) .  has rank (11 - I ) .  In this case not all of the 
n determinants of the (n - 1) x (11 - I) submatrices of Eq. (5) are 
zeros and, therefore, the trivial solution v = 0 is avoided. 

The eigenvector matrix of A is then built, column by column, 
by applying the 11-Dx-n expression to all of the tz different ma- 
trices D , ,  that is. by computing, for cach Dl ,  the corresponding 
v, eigenvcctor. When the matrix A is real and has a complex 

eigenvalue A = hR + ib , ,  the associated eigenvector v = vK + ivI 
will be complex. Obviously. for this matrix, the conjugate eigen- 
vector v = vx - ivI is nssociated with the conjugate eigenvalue 
A = A K  -iA,. 

The next section develops an algorilhm that providcs the solution 
when i (real orcomplcx) has an algebraic multiplicity In > I. that is. 
whenA has 1n eigenvalues A and, therefore. different eigenvectors 
are associated with A. 

Algebraic Multiplicity 
Consider AV = VA for a general nondefective n x n matrix A, 

where V and A are the eigenvector and the eigenvalue matrices, 
respectively. If tn, is defined as the algebraic multiplicity of A , ,  it 
follows that C,tn, = n. In particular. the diagonal matrix A has the 
eigenvalues on its main diagonal diag(A) = {A:, A:. . , , , A:, I T ,  
where p is the numhcr of different eigenvalues of A and A, is an 
m,-long vector of I,, . The 11-Dx-n cxpression can be recursively 
used for computing each eigenvector matrix V, as orthogonal. This 
implies the minimum value for its condition number, which is one. 
In fact. the condition number of a matrix is the ratio of the largest 
singular value to the smallest. and the orthogonal matrices have all 
of their singular values equal to one. For the purpose of inversion, 
for instance, a matrix is i l l  conditioned or poorly conditioned (small 
errors on data imply high errors on solution) if its condition number 
is large. A matrix with the condition number equal to one is called 
perfectly conditioned. 

Hereafter, the I I - D x - ~  application to the computation of rn, 
eigenvectors is restricted to the case of 171, < 11, because if tn, = 11 

(all the E., areequal). then theA matrix becomesdiagonal asA = A l l .  
In fact, becauseA is nondefective and the algebraic multiplicity of i, 
is 11, then i t  follows [hat A = k , I .  This irnpliesA = V A V  ' = h , I .  
thereby dernons~ratiri@ that A - A = h , l .  For this matrix any vector 
is an eigenvector and. therefore. any matrix (e.3.. the unity matrix). 
is an eigenvector matrix. Its computation is. therefore. unncccssary. 

Now, if the eigcnvalue i of the rnatrixA has algebraic multiplic- 
ity 111 < 11. then the matrix D = A  - ELI is u-times singular. which 
means that it has rank (n - 111). Let Mu = U ( U R .  U C )  be one of 
such (n - 111) x (11 - IU J nonsingular submalriccs. The square ma- 
trix 1Mo is formed with the d,, elements identified by the (11 - tn) 
rows (whose indices arc stored in the used rows U R  integer vector) 
and by the (n  - tn) columns (whose indices are stored in the used 
columns C1(- intcgcr vector) of matrix D. Matrix M,, constitutes a ba- 
sic matrix from which all of the cigenvectors set, associated with A. 
can be built as explained hereafter. Let KC. he the m-long remaining 
columns intcger vector of indices (thosc not included in U ( - ) ,  that 
is. U(. U Rc - ( 1 .  2, . . . .11 - 1.17] and Uc n K ,  = (i.1) (the empty 
set). The tn unknown eigenvectors vi arc then computed starting 
with k = I by the following loop procedure. which will he referred 
to as the 11-Dx-n technique. 

I )  Choose one element I E Kc. 
2) Adjust the set sizes of Uc and R(.  by moving the element I 

from Rc to Uc.. 
3) Build the (11 - 111 + k - 1 )  x ( n  - ~n + k )  matrix D L ,  which 

is obtained by inserting the elements defined by UK rows of the I 
colunln into the rnatrix iMA I at the proper column ascending-order 
place. 

4 )  Solve, for the (11 - tn + k )  elements of vector t by using the 
12-Dx-n expression provided by Eq. (5).  the equation 

5) Normalize to one the th vector 

6) Set vk(Uc) = &. that is, place the (11 - rn + k)  elements of 
the unit-vector into the vh vcctor at the positions defined by the 
indices Uc, and set to zero all of the remaining elements, that is, 
vh(Rc) = 0. The resulting 11-elements vector vi represents the kth 
normalized eigenvector o fA.  

7) Check if k 2 tn; if so, thc loop procedure is completed. other- 
wise continue. 



8) Update matrix M A  by inserting, as a row, the (n - m + k) 
elements of vector vi (Uc), 

ML = [D: VA (uc)] '  (8) 

9) Increase k and return to step 1. 
The following numerical example is included to clarify the 

described procedure. 
The matrix 

7 -7.5 -30 -4.5 -32.25 
-10 11 44 7 47 
-5 4.5 18 1.5 20.25 
2 - 1  -4 1 -5.5 
8 -8 -32 -4 -35 

(where D = A  - All)  is obtained from matrix A  having the eigen- 
values h i  = 1 with ml = 3 and h2 = 2 with m2 = 2. It will be 
shown, just by way of example, how to compute all three eigenvec- 
tors associated with A l  = 1. For this case, n = 5 and m = 3. As 
is easily seen, any 2 x 3 submatrix of D has rank (11 - m) = 2; 
therefore. let MI, = D(UR,  Uc) be the basic matrix, built with rows 
3 and 5 (Ux E 13.5) and R x  = { I ,  2 , 4 ) )  and columns 2 and 4 
(Uc = { 2 , 4 )  and Rc  = 11.3, 5))  

Starting with k = I ,  element 1 is chosen from the remaining column 
indices set Rc. This element is then moved to the Uc set: that is, 
Uc -- {I .  2 , 4 )  and Rc = {3 ,5 ) .  The system 

leads to the solution t ,  = (-6, -8, 4 )T .  The normalized vector is 
il = (-0.5571, -0.7428,0.3714]' and the first eigenvector is vl  = 
{-0.5571. -0.7428, 0.0.3714, OlT. The next square matrix M I  is 

Increase k as k = k + 1 = 2 and choose element 3 from the remain- 
ing columns indices set Rc. This element is then moved to the UC 
set: that is, Uc = (1 .2 ,  3 . 4 )  and Rc = (5).  The systern 

leads to the solution t2 = (17.8268, -19.3123, 10.7703, 
- 1 1 .8845IT. The normalized vector is then i2 = (0.579, -0.6272, 
0.3498, -0.386)'. whereas the second is v2 = 10.579, -0.6272, 
0.3498, -0.386, OJT. The next square matrix M2 is 

Increase k as k = k + 1 = 3 and choose the last element from the 
remaining columns indices set Rc,  which is 5. Element 5 is moved 
to the Uc set: that is, Uc = {I ,  2 ,  3 , 4 ,  5) and Rc = {kI). The system 

leads to the solution t3 = {-17,3435.7.2427.28.9708, -1 1.5299, 
-30.7896lT. The normalized vector is I3 = (-0.3637, 0.1519, 
0.6076, -0.2418, -0.6457IT, which impiies that the third (and 
last) eigenvector is v3 = (-0.3637, 0.15 19, 0.6076, -0.2418, 
-0.6457lT. The resulting computed eigenvectors v , ,  v2, and v3 are 
orthogonal; therefore. the eigenvector matrix V = [v l ,  v I ,  v3] has a 
condition number equal to one. 

Complex Case 
The n-Dx -Fl technique can be applied to a real or complex matrix 

as well as to a real matrix having complex conjugate eigenvalues. 
In these complex cases, however, software able to deal with thc 
complex operation is needed. When such a software tool is not 
available, the complex case must be transformed into a form that 
considers only real operations, which is the subject of this section. 
The eigenanalysis of an n x n real matrix A H  having the complex 
conjugate eigenvalues A = h R  z t  ihI with algebraic multiplicity 
m(1 5 m 5 int[n/2]) can be written as 

which can be set in the real form 

where D is an (2n) x (211) matrix and where 

Dx = A H  - ~ K I  and Dl  = -AII (18) 

As can easily be observed, if v = (v:, v:]' is a solution of the sys- 
tem of Eq. (17). then V = {v:, -v l l r  will also be a solution of it. 
The (211) x (2n) matrix D has rank 2(n - rn), which ranges from n 
up to the value 2(n - I ) .  It is possible to evaluate the searched rn or- 
thogonal complex eigenvectors by applying the same n-D x-Fl tech- 
nique already described to the system Dv = 0, with few changes. 
Therefore, let MI, = D(UR,  Uc) be a 2(n - m) x 2(n - m )  non- 
singular submatrix ofD,  formed with the elements identified by the 
Ux (used rows) and the Uc (used columns) indices vectors. The 
first ( k  = 1) eigenvector vl = {v:,, v:,)~ is then evaluated (and 
also the 5, - {v:,, -v~,)') by applying the n - D x - n  technique as 
described in points 1-6 in the preceding section. Then matrix M I  is 
updated by adding the two solutions vl and iil as follows: 

The procedure is then iterated with the only exception that instead 
of adding one column (with index in Rc; see point 1) and computing 
one eigenvector at each loop, a couple of columns with indices in 
Rc must be added. Therefore, at each loop both matrices M A  and DL 
increase in size by two; the eigenvector vi = {v:,, v;lT is actually 
computed, whereas the f k  = (v;, -vL lT  is simply derived from 
vk This procedure provides the m searched eigenvectors vkx + ivll 
associated with the eigenvalue hR  + ih l  as orthogonal. The set 
of conjugate eigenvectors V P R  - ivLI is then associated with thc 
conjugate eigenvalue hK - i h l .  where k = I ,  . . . . nz. 

Alternatively, if det(DI) # 0, the systern (17) can be written into 
the real system of order n 

where 

R I  = D F ' D ~  and HI = R: + I  (2 1 )  

Matrix HI has rank (n - 2m) and, because D l  = - i l l ,  matrix D l  
is nonsingular. The n - D x - n  technique can be applied to the system 
of Eq. (20) with only a few changes. Let Mo = H I  (UH,  UC) be an 
(n - 2m) x (n - 2171) nonsingular submatrix of H I ,  where UR and 
Uc have the meaning given earlier. The real part of the first (k = 1) 
eigenvector is then evaluated by applying the n - D x - n  technique 
from points 1-6 to the system D l v I R  = 0, where D l  is obtained by 
inserting into the MI) matrix the elements of HI identified by the 



Ux rows and the 1 E Rc column. The imaginary part is given by 
V I I  = R I V I R .  

The procedure is then iterated with the exception that the matrix 
Mk is updated as 

at cvery loop, and a couple of columns 1. j(1, j E Rc)  update the 
D k  matrices. Therefore, both matrices Mk and Dk increase in size, 
at each loop, by two. 

This alternate procedure has the undoubtable advantage, as com- 
pared with that using Eq. (17), of dealing with a matrix system 
of size n instead of (2n); however, this alternate procedure does 
not provide an orthogonal set of eigenvectors. Numerical tests have 
shown, however, that the condition number of the eigenvector ma- 
trix so computed is quite good; further studies are needed to obtain 
the solution with the minimum condition number. 

Similarly, if det(Dn) # 0,  the system (17) can be written in the 
real form of order n:  

where 

R R  = D , ' D ~  and HR = R ~ + I  (24) 

with analogous considerations as for the system of Eq. (20). 
The next numerical example will clarify the described alternate 

procedure. 
The matrix 

-2/3 113 --5/2 -1/3 113 
2013 -1013 9 -2/3 -713 

-2 6 0 I ] (25) 
-12 9 -18 2 912 

0 0 -2 0 2 

has the eigenvalue A = 1 + i with rn = 2 (obviously h2 = 1 - i 
with rn2 = 2) and h3 = 2 with In3 = 1. 

It will be shown how to compute the two eigenvectors associated 
with A l .  In this case n = 5 and m = 2; therefore, it follows that 
RI  = -D;'D~ = I  - A  and 

which has rank n - 2m = 1. Starting with k = 1, let M,, be the 
nonsingular submatrix of HI with UR = (2)  and Uc = 131, that 
is, Mo = HI (UH. Uc) = [6]. One element of Rc = ( 1 ,  2 , 4 , 5 )  
is 1. Therefore. Uc = ( 1 .  3 )  and Rc = { 2 , 4 , 5 ) ;  then we get 
the matrix D l  = [HI (UK,  I )  MO] = [4 61. System Dltl = 0 
leads to the solution t l  = (6 ,  -4)' and, therefore, the real part 
of the first eigenvector is vlH = {6 ,0 ,  -4.0,  OIT, whereas the 
imaginary part is v l l  = RlvlH = (0, -4, -4 ,0 ,  - s ) ~  The nor- 
malized vectors v l R  = (0.4932. 0 ,  -0.3288,0, OIT  and vll = 
(0 ,  -0.3288, -0.3288.0, -0 .65761~ represent the first complex 
eigenvector. The second (k = k + 1 = 2) eigenvector is then 
evaluated by choosing a couple of elements (e.g., 2 and 4) from 
Re = (2, 4, 5)  set. This implies Uc = (1 .2 ,  3 .4)  and Rc - (5) 
andD: = [HI(UR,  UcIr  V I R ( ~ C )  )IIIWC)I '  as 

The system D2t2 = 0 leads to t2 = (0, 0 , 0 ,  - 1.7297)' and, there- 
fore, the real part of the second eigenvector is V ~ R  = {0 ,0 ,0 .  
- 1.7297. 0IT and the imaginary part is V ~ I  = R I V ~ ~  = (-0.5766, 
- 1.1532,0, 1.7297, O J T .  The normalization leads to the vectors 

V ~ H  = ( 0 , 0 , 0 ,  -0.6255, O J T  and v2/ = (-0.2085, -0.417.0, 
0.6255, OJT. At this point, because k = k + 1 = 3 > m = 2, 
the procedure ends. 

Finally, for a complex matrix A = AH +iAl  with complex eigen- 
value h = A x  + iAl with algebraic multiplicity m ,  it is still possible 
to apply both techniques described earlier, provided that 

Geometrical Multiplicity 
Some matrices cannot be transformed into the diagonal form by 

means of a similarity transformation without achieving an associated 
singular eigenvector matrix. For these matrices, which are called de- 
fective, it is possible, however. to reach a quasidiagonal form, that 
is, the N x N Jordan form J, which can be partitioned with p dif- 
ferent 11, x n,  Jordan blocks J; (i = 1 , 2 ,  . . . , p;  C,n,  = N ,  where 
11; is the algebraic multiplicity of A;). The J, Jordan block contains 
the eigenvalue A, on its main diagonal J, ( I ,  1) = A, ( I  = 1, . . . , n,) ,  
while some coupling elements J,(k - I ,  k) = s:" (k = 2, . . . , n, 
and s j" = 0)  appear on the first upper diagonal. and zeros elsewhere. 

Let J be the generic ith Jordan hlock. Associated with each n x n 
Jordan block J two kinds of eigenvectors are possible: the 1.1, true 
and the n, generalized eigenvectors (where n,  + t l ,  = n).  The rr, 
true eigenvectors are those associated with each sk = 0. It fol- 
lows that 1 5 11, c n ,  because if n, = n then the J Jordan 
block is nondefective. The true eigenvectors satisfy the condition 
(A - Al)v, = Dv, = 0, where j = 1, . . . . n,. Matrix D is, there- 
fore, n,  times singular, and n,  also indicates the number of the 
singular values c r ~  = 0 of D .  If n,, which is called the geometrical 
multiplicity of [he eigenvalue A,  is one, the matrix is called full de- 
fective; otherwise, if n, > 1, the matrix is called derogatory. The 
n, true eigenvectors can be computed orthogonally by the n - D x - n  
technique, already explained, applied to the systemDv, = O (where 
j = 1,. . . , n , ) .  

The n, generalized eigenvectors are those associated with the 
coupling elements sk # 0; each true eigenvector vi (that is. each 
sk = O), has a set of n(1' generalized eigenvectors that could even be 
empty, which constitutes a chain of vectors satisfying the recursive 
chain relation 

where k = I ,  . . . . n(1' and J = I , .  . . , n,  and, fork  = I ,  it results 
that w::' = v,. The value of no'  represents the length of the chain 
associated with the true eigenvector v, . The chain relation associated 
with v, implies 

where k = 1, . . . , n(1'. It will be shown how to evaluate, by a pro- 
cedure based on n - D x - n ,  the (11 - I) generalized eigenvectors of 
an n x n full-defective matrixA associated with its only true eigen- 
vector. A full-defective matrix A implies st # 0 (k = 2, . . . , n). 
s ,  = 0. Matrix D = (A - i l ) ,  derived from a full-defective matrix 
A, is full-defective too, with rank (11 - 1 ) .  Therefore, the 11-Dx-n 
technique allows us to compute the only true eigenvector v, that 
satisfies the condition DvI = 0. 

Omitting the j index ( j  = 1 for full-defective matriceg), the chain 
relation (29) can be written in the form 

T h e n  x (n + I) matrix Qk has rank n - 1, which is also the rank 
of D .  Therefore, it is possible to apply the n - D x - n  technique to 
Eq. (3 1) as well as for computing a couple of solutions hk(IJ  and hi2', 
which are orthogonal. In particular, because the (n - 1) x n matrix 
D l  is made up of the elements Identified by (n - 1) vectors of D 
(whereRx = ( r ) ) ,  the h i1)  solution impl~es its last element as zero, 
that is, sk = 0. Therefore, the assoc~ated computed eigenvector wk, 
represented by the first n elements of the h:" solution. must be 
equal to the true eigenvector vl. Thus, because hi ( ' '  = ( v T  0Ir.  its 
computation is unnecessary. 



Hence, Eq. (3 1) can be transformed into The condition of having unity upper-diagonal elements leads to 
an alternate procedure, based on the fact that the D("' matrix has full 
rank. ~ ~ u a t i b n  (32) can be set up to the recursive equation 

[ ~ ~ ' ~ , - w ~ ~ l l { ~ ~ }  = ~ : ' h y  = ( I  (32) 

wA = [ D " ~ ] - ~ w : ! ,  (37) 

where the superscript ( r )  applied to D means that its r row has 
been replaced by the vT vector, whereas when applied to the wk - I 

vector it means that its r element has been set to zero. As can eas- 
ily be observed, this substitution is such that it excludes from the 
system of Eq. (32) the solution associated with the true eigenvec- 
tor hi" = (v: 0)'. This modification allows direct computation of 
the generalized eigenvector w k ,  as well as the upper-diagonal cou- 
pling elements sk.  If a unity sA is needed, the computed generalized 
eigenvector wA must then be modified according to w k / s k .  

The procedure can be clarified by the next numerical example. 
The 4 x 4 full-defective matrix 

leads to the solution of h',2' = { 0 , 0 ,  I ,  -2, -2.8284}', which im- 
plies w = {O, 0,  I ,  -21T and s l  = -2.8284. To have aunity upper- 
diagonal element, the first generalized eigenvector is normalized 
according to w l  = w l / s l  = ( 0 , 0 ,  -0.3536,0.7071}~. 

The second generalized eigenvector (k  = 2) is then computed 
using the matrix 

has four eigenvalues h = 1. Matrix D = A - A1 has rank 
(n - I) = 3. The only true eigenvector can be computed by apply- 
ing the 12-Dx-Fl technique to the system Dv]  = 0. This can be done 
by selecting, for instance, the nonsingular matrix Mo = D ( U K ,  U c ) ,  
where U R  = ( I ,  2 ,  31, Uc = ( I ,  2 ,  3) and, therefore, RK ZE { r )  = 
(4) .  This leads to v l  = (0,7071, -0.7071,0, o)', which represents 
the true normalized eigenvector of matrix A. The first generalized 
eigenvector (k = 1) is computed by using Eq. (32). 

The matrix (note that wO = v l )  

which leads to the solution hr' = (-1, -1, 2.5, 1, -2.82841~. 
This implies wl = {-I, - 1 ,  2.5. 1jr  and sz = -2.8284. Here 
w2 is then normalized according to wz  = w*/sZ = (0.3536,0.3536, 
-0.8839, - 0 . 3 ~ 3 6 ) ~ .  

Finally, the third generalized eigenvector (k  = 3) is computed 
using the matrix 

which implies the solution lty' = {0 ,0 ,  -0.25, -0.5, -2.8284lT, 
that is, wj = ( 0 , 0 ,  -0.25. - 0 . 5 ) ~  and s3 = -2.8284. The third 
generalized eigenvector is then normalized as w3 = w3/s3  = 
(0, 0.0.0884,O. 1 7 6 8 ) ~ .  

simply derived from Eq. (32) by setting sk = 1 (where k = 
2 , .  . . , n). 

This paper does not include a solution technique for the deroga- 
tory matrices (which would complete the analysis for defective ma- 
trices), because it is still unknown. 

Equivalent Symmetric Matrix 
The r ? - D x - l l  technique has been applied to the computation of 

matrix eigenvectors. This has been done by modifying the original 
problem to the equivalent one: 

where the n x n matrix D has rank (n  - rn) and 112 is the number 
of eigenvectors to be found, that is, those associated with the m 
zero eigenvalues o fD.  In general, matrix D is nonsymmetric. In this 
section it is shown that it is possible to build an n x  n symmetric 
matrix S, which has the same set of n~ eigenvectors associated with 
rn zero eigenvalues as D.  Therefore. D can be replaced by S when 
the preferred form is symmetric. Note that a real matrix A having 
complex conjugate eigenvalues has a complex associated D matrix; 
then, the resulting equivalent symmetric matrix S will be complex 
as well. 

Let U R  be the indices set of the (n - m )  row vectors of D consti- 
tuting an (n  - rn) x n matrix with rank (11 - i n ) .  Then it is possible 
to write 

Therefore, the quadratic quantity 

is zero at the rn solutions and positive elsewhere, where the sym- 
metric matrix 

has been introduced. 
An n x  n matrix built as S is m times singular if all of the ( r z  -m) 

vectors dk constitute an (n - m )  independent vectors basix. which 
is our case. In particular, such a matrix has nonnegative eigenvalues 
coincident with its singular values whereas the eigenvectors matrix 
is equal to both its right and left eigenvector matrices. 

The quantity a2 is a sum of nonnegative terms, which becomes 
zero (minimum value) at any direction of v perpendicular to all of 
the dk row vectors. Therefore, v  can be evaluated as the unit vector 
satisfying min n' = 0. In this minimization the constraint for v  to be 
a unit vector (vrv = I )  must be included. This leads to the condition 
of minimizing the augmented cost function, which can bc written 
as 

min a: = V'SV - <(v7 v - 1) = O (42) 
I' 

where ( is the Lagrangian multiplier. 
The solution of Eq. (42) is obtained by setting 

which states that the vector v  is the eigenvector of the matrix S 
associated with the eigenvalue (. This eigenvalue can be computed 
by premultiplying Eq. (43) by vr:  

Consequently, the unit vector v,  which is an eigenvector of D asroci- 
ated with its zero eigenvalue. is also an eigenvector of the symmetric 



matrix S associated with its zero eigenvalue. Therefore, D can be 
replaced by S (no matter what the algebraic multiplicity of 6 )  when 
the preferred form is jymmetric. 

n-D x -II Skew-Symmetric Matrix 
The three-dimensional cross product u x v can be expressed by 

the skew-symmetric tilde matrix fi: 

It is possible to extend the skew-symmetric 3 x 3 tilde matrix u to 
n-dimensional space. The resulting n x n skew-symmetric matrix 
U ,  which performs n-Dx-l7:  

involves (n  - 2) n-element vectors. 
Without a demonstration. the generalired skew-symmetric tilde 

matrix u is provided by the formula 

where the (n - 2) x (n - 2) submatrices V,, are obtained by deleting 
the ~ t h  and the j th  column vectors from the (n - 2)  x n matrix V, 
where 

Conclusions 
An ad hoc exprcssion for the vector cross product in an n- 

dimensional space is presented, which has been identitied as n -Dx-  
n and derived from the Laplace expansion of the determinant of an 
n x n matrix. The n - D x - n  expression is then used for the compu- 
tation of the eigenvectors for a nondefective matrix. The resulting 
:~lgorithm, called the n-Dx-Fl technique, allows the computation 
of a set of orthogonal eigenvectors associatcd with an eigenvalue 
with any algebraic multiplicity. This technique can be applied to 
a real or complex matrix as well as to a real matrix having eom- 
plex conjugate eigenvalues. When a software tool able to deal with 
complex operation is not available, two different algorithms are 
provided for the complex problem, which considers only real oper- 
ations. One of them provides the computation of orthogonal eigen- 
vectors. Then, to extend the application to defective matrices, an 
algorithm for computing all of the generalized eigenvectors asso- 
ciated with a true eigenvector of a full-defective matrix, as well as 
the upper-diagonal coupling elements, has been developed. An n- 
Dx-n-based solution technique (which would complete the study 
for defective matrices) for the derogatory matrices is not included. 
since it has not been found. Finally. the equivalent symmetric matrix, 
which has the same eigenvectors set associated with thc 7ero eigen- 
value of a nonsymmetric matrix, has been introduced and, with- 
out including a demonstration, the mathematical expression of the 
skew-symmetric rz x n tilde matrix performing n-Dx-f l  has been 
given. Because of the complexity of the proposed techniques and for 
the sake of clarity, numerical examples are included to emphasize 
the devised procedures. Comparisons with respect to the relevant 
existing techniques are not included, leaving this task to a subse- 
quent paper, which will define the advantages and disadvantages 
of the proposed algorithms. At present. the proposed techniques 
represent an interesting alternate approach, which might be con- 
aidered a useful tool in many technical fields. as, for instance. the 
application (optimal attitude estimation) that originated this study. 
However, the n - D x - n  application is not restricted to the computa- 
tion o l  matrix eigenvectors but can be used for giving a solution to 
all of the mathematical problems that can he  educed to the linear 
form Dv = 0, where D is any nl x n matrix (m 5 n) with rank 
r 5 nz and v is the n-element unknown vector(s) to be computed. In 
other words, the n -Dx- f l  expression and technique can be used to 

solve the mathematical problems whose vectorial solutions are per- 
pendicular to some given vectors, in any n-dimensional space. 

Appendix: Vector Cross Product as Defined 
in Grassman Algebra 

The computation of the direction perpendicular to (11 - I ) vectors 
in the n-dimensional space is an existing mathematical object, which 
is known. at least to differential geometers. T h e n - D x - n  expression 
provided and derived by the Laplace expansion of the determinant 
is only an ad hoc expression. which can be directly understood even 
by readers who do not have any knowledge of exterior algebra and 
differential forms. Even though it is possible to show that exterior 
algebra is just the Laplace expansion of the determinant, the associ- 
ated formalism is a little unusual for many readers and sometimes 
difficult. Therefore, the n - D x - n  expression can be considered only 
a useful subset of the general definition (see paragraph 6.2 of Ref. 4 
and Ref. 3, which involves Grassman algebra with its operators. 
For completeness, this is given in the following. 

Let r r ,  . . . , r - I be (11 - 1 j vectors in R, (n-dimensional real 
space). Let ^denote the wedge product (see Ref. 4, paragraph 6.1) of 
Grassman algebra of K, and * the Hodge star operator (Ref. 4. para- 
graph 6.2) on the Grassman algebra of R,, with the standard metric 
given by the dot product. Then. the cross product o f r l ,  rz, . . . , r,, - 
is given by 

In fact. this can be generalized to any k vectors. where k i r z .  
although the resulting object is an (n - k) form and not a vector. 
Obviously, when k = n - I it is a n - (n - I)  = 1 form. which is 
a vector. Next proof of how the * ( r l  ̂ r 2  . . . r,, - I ) is orthogonal 
to r, for i = 1 . .  . . . n - 1 .  is given. Let ( e l ,  ez,  . . . , e,,) be an 
orthonormal basis of R,. Let L ( i ,  denote the space of k vectors on 
R, in the exterior algebra. That is, elements of L,k, are made up of 
linear combinations of objects of the following form: 

where r, is a vector in R,,. When k = 0. L(,,, is just K 
Then *: L , k )  + L(, ,  . i ,  as follows: 

The sgn is the sign of the orientation of e l A e 7 ^ .  . . ̂ en. whcrc sgn = 
+ I  if the orientation is positive and sgn = - I  if the orientation is 
negative. 

Lel w = * ( r I A r 2 ^ . . . - r n I ) ,  w h e r e r , ( i  = I , . . . .  rz - 1 )  are 
vectol-s in R,. Because ' : L ( I  - + L ( , ,  = R,. w  is then a vector in 
K,,. Let ( ,  ) denote the inner product in R,. This can be extended 
to LtL, in general (see Ref. 4. paragraph 6.2.11). Assuming this, Ict 
r be any one of the vectors (r l .  r2 .  . . . . r(, I ) ] .  Now look at (r ,  w )  
and see if this is 0 as we expect inasmuch as w is the cross product 
of the r, and r is one of the r,. There are two identities with regard 
to the Hodge star and wedge products and inner products: 

( r ,  w )  = =( rA * w )  (A41 

and 

In our case, because k = n - I .  we have 

This means 
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